The frequency bandwidth of the sound from a light helicopter, such as a Robinson R44, extends from about 13 Hz to 2.5 kHz. As such, the R44 has potential as a low-frequency sound source in underwater acoustics applications. To explore this idea, an experiment was conducted in shallow water off the coast of southern California in which a horizontal line of hydrophones detected the sound of an R44 hovering in an end-fire position relative to the array. Some of the helicopter sound interacted with seabed to excite the head wave in the water column. A theoretical analysis of the sound field in the water column generated by a stationary airborne source leads to an expression for the two-point horizontal coherence function of the head wave, which, apart from frequency, depends only on the sensor separation and the sediment sound speed. By matching the zero crossings of the measured and theoretical horizontal coherence functions, the sound speed in the sediment was recovered and found to take a value of 1682.42 6 16.20 m/s. This is consistent with the sediment type at the experiment site, which is known from a previous survey to be a fine to veryfine sand.
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I. INTRODUCTION
The Robinson R44 is a common type of light helicopter, with a two-bladed main rotor and a two-bladed tail rotor, which are coupled together through drive shafts and gearboxes such that the ratio of the tail-to-main rotor rotation rates is 6:1. Both rotors, being rotational acoustic sources, produce sound in the form of a series of harmonics. In the case of the main rotor, the frequency of the lowest harmonic, or fundamental, is in the region of 13 Hz, depending on the rotation rate, and the fundamental of the tail rotor is a factor of 6 higher. For comparison, the fundamental frequency from a two-bladed propeller on a typical fixed-wing light aircraft, 1-6 at around 80 Hz, is approximately a factor of 6 higher than that of the R44 helicopter main rotor. Besides the two rotors, the six-cylinder reciprocating engine and the gearboxes on the R44 also produce sound with spectral components ranging from hundreds of Hz to several kHz. Overall, the helicopter may be regarded as a broadband acoustic generator with a bandwidth extending over several decades in frequency, from about 13 Hz upwards, and as such has potential as a sound source in underwater acoustics applications.
When a helicopter flies over shallow water, some of the sound it produces is refracted across the air-sea interface, 7, 8 thereafter propagating through the underwater waveguide. As it progresses, the sound undergoes multiple interactions with the bottom, thus acquiring information about the geoacoustic properties of the seabed. It follows that, by applying an appropriate inversion procedure, it could be possible, in principle at least, to recover the geo-acoustic parameters of the sediment from the helicopter-generated sound field in the water column.
Helicopters, as an alternative to conventional lowfrequency underwater sound sources for ocean-acoustics applications, offer several benefits, including mobility, costeffectiveness and ease of operation. To some extent, these advantages are offset by the facts that the helicopter acoustic signature is uncontrolled, and helicopters have a limited range capability, which, in many scenarios, restricts their operation to shallow-water coastal regions. However, in such shallow-water locations, underwater sound transmission is heavily influenced by the bottom boundary condition, making the geo-acoustic properties of the seabed important as input parameters to ocean-acoustic propagation models.
Besides their application in estimating propagation loss, the geo-acoustic parameters of the bottom are also of interest in their own right, in connection with the verification of theoretical models [9] [10] [11] [12] [13] [14] of compressional wave and shear wave propagation in unconsolidated marine sediments. Indeed, for such model verification, there is a pressing need for broadband measurements, extending down to frequencies as low as 10 Hz, of the phase speed and attenuation of compressional and shear waves in sand, silt and clay sediments. Some, if not all, of these measurements could be recovered from an inversion procedure in which a helicopter acts as the source of the acoustic excitation.
In shallow water overlying a "fast" seabed, an acoustic field that is excited by a sound source above or below the sea surface consists of a superposition of discrete normal modes plus a head wave, otherwise known as a lateral wave, Snell's law, as illustrated in Fig. 1 , where the sound source is depicted as a hovering helicopter. A downward-traveling acoustic ray that is incident on the bottom boundary at the critical angle is refracted at the seabed to propagate horizontally through the sediment. As it progresses, it radiates acoustic energy back up into the water column, also at the critical angle, and this component of the water-borne field constitutes the head wave. For many years, head waves, usually excited by impulsive signals from air-gun or explosive sources, have been used by the offshore oil and gas industry for seabed surveying; 16 and head waves have also found application in seismology for investigating the layering structure of the Earth. 17 Although relatively weak, it appears that the head wave is also detectable in surface-generated ambient noise, having been observed recently in noise data acquired on a vertical line array steered upwards and downwards at the critical angle of the seawater-sediment interface. 18 Whereas in most previous applications, the head wave was generated by impulsive sources, [19] [20] [21] in the present case the excitation is a broadband, continuous-wave source in the form of an R44 helicopter.
Since it is supported by the medium beneath the ocean channel, the head wave propagates at the speed of sound in the seabed, thus providing a means of making a measurement in the water column to determine the phase speed of the compressional wave in the sediment. To pursue this idea in connection with a helicopter-generated head wave, an experiment was conducted recently in shallow water, 16.5 m deep, off the coast of southern California near Del Mar, north of Scripps pier. A Robinson R44 helicopter executed a number of hovers at endfire relative to a horizontal line array (HLA) of hydrophones mounted 0.5 m above the sandy seabed. The hovers were performed at several discrete ranges from the HLA, extending from nearly overhead to a distance of approximately 300 m.
The coherence function between the signals from the hovering helicopter at a pair of hydrophones in the HLA was formed over a frequency band extending up to 4 kHz. By matching a theoretical expression for the coherence function of the head wave to the helicopter-generated coherence function data, it was found that the head wave was the dominant component of the observed wave field, provided the helicopter was not too far from or too close to the array. The lower limit of the source-range window is governed by the acoustic ray geometry and the requirement that the head wave be established at the receivers; and the upper limit is dictated by the rapid geometrical spreading of the head wave and the associated reduction in signal-to-noise ratio at the sensors as the source range increases.
With the helicopter in the head-wave range window, a simple inversion procedure, based on a comparison of the zero crossings in the theoretical and experimental horizontal coherence data, leads to an estimate of 1682.42 6 16.20 m/s for the speed of sound in the sediment at the experiment site. This value is consistent with the fact that the sediment at the experiment location is a fine to very-fine-sand, as determined during a prior geo-acoustic survey of the area conducted by scientists 22 from Scripps Institution of Oceanography. Before discussing the details of the R44 helicopter experiment, an expression for the coherence function of the head-wave is derived below from a wave-theoretical analysis applied to a three-layer waveguide representing the atmosphere, ocean and sediment.
II. THE THREE-LAYER WAVEGUIDE
To model the acoustic field in the water column generated by an airborne source, the atmosphere-seawater-sediment system is represented as a three-layer waveguide.
1 As in the two-layer seawater-sediment model developed by Pekeris, 23 each layer is taken to be a spatially homogeneous fluid with sound speed c j and density q j , where the subscript j ¼ 1, 2, or 3 identifies the layer with which the parameter is associated, as illustrated in Fig. 2 . A cylindrical coordinate FIG. 1. Ray schematic of the head wave generated by a hovering helicopter. The ray incident on the bottom at the critical grazing angle, a c , is refracted at the interface, travels horizontally through the sediment, and, as it progresses, radiates energy back into the water column at the critical grazing angle a c . system is used in which the z-axis is vertical with z increasing downwards from its origin at the air-sea interface. The depth of the channel is h, and the stationary, compact airborne acoustic source is located at the origin of the horizontal range coordinate, r ¼ r 0 ¼ 0, at an altitude z ¼ z 0 < 0 above the sea surface.
From symmetry, the acoustic field in each of the three layers is azimuthally uniform and is given by the solutions of the following wave equations:
where, at time t, the velocity potential in the jth layer at point (r, z) is g j ¼ g j ðr; z; tÞ and, on the right hand side of Eq. (1a), the source of strength S is represented as an impulse. In a standard procedure, a Fourier transform with respect to time converts these wave equations into Helmholtz equations,
where k j ¼ x=c j is the acoustic wavenumber in the jth layer and x is angular frequency. The Fourier transform of the velocity potential, G j ¼ G j ðr; z; xÞ, is defined as
the inverse of which is
where i ¼ ffiffiffiffiffiffi ffi À1 p . The Helmholtz equations may be further reduced by applying a Hankel transform with respect to range,
whose inverse is
where J 0 ðÁÞ is the Bessel function of the first kind of order zero. In these expressions, the convention 24 of using the transform variable, p, as a subscript to denote the transformed field has been adopted, a convenient notation when multiple transforms are employed, as in the present problem. After the Hankel transformation, the Helmholtz equations become
which are to be solved subject to the boundary conditionscontinuity of pressure and continuity of normal component of particle velocity-at the surface and bottom of the ocean channel. The homogeneous, ordinary differential equations in Eqs. (5b) and (5c) have solutions that may be expressed almost immediately as
and
where
and, in Eq. (6a), the prime denotes a derivative with respect to depth, z. It is important to note that, having chosen the FIG. 2. Cylindrical coordinate system used in the three-layer waveguide, with the receiver, R x , at depth z > 0 beneath the sea surface and the source, T x , at height z 0 < 0 above the surface. The origin of the horizontal range (radial) coordinate, r, is at the source position, and the channel depth is h.
imaginary parts of the radicals in Eq. (7) 
where the two integrated terms, G 1p ð0Þ and G 0 1p ð0Þ, associated with the Fourier transform of the second derivative in Eq. (5a), are in effect constants of integration, which, like the constants in Eq. (8) , are to be determined from the boundary conditions. When z is set equal to zero in Eq. (9) , the relationship between these two terms is found to be
The boundary conditions at the surface and bottom of the channel are, from continuity of pressure,
and, from continuity of the normal component of particle velocity,
Equations (8), (10), (11), and (12) may now be solved to obtain expressions for the eight unknown constants, allowing the Hankel-transformed field in the water column, from Eq. (6a), to be expressed explicitly as
is the density ratio between layer j and layer l. On applying the Hankel inversion integral in Eq. (4b) to both sides of the expression in Eq. (13), the solution for the frequency-dependent field in the water column is obtained as
The integral in Eq. (15) may be evaluated by expressing the Bessel function in the integrand as a sum of Hankel functions of the first and second kind,
Contour integration in the complex p-plane then leads to a solution in the form of a finite sum of normal modes plus three branch line integrals, one of which represents the head wave associated with the bottom boundary. The normal modes derive from the poles in the 4th quadrant of the p-plane, which correspond to the zeros of the denominator in the integrand of Eq. (15) . Thus, these zeros are obtained as solutions of the transcendental characteristic equation
which was originally derived in connection with a moving airborne source in a three-layer waveguide. 1 As a check on Eq. (17), suppose that the density of the atmosphere is allowed to go to zero, in which case
which, as required, is the classic Pekeris 23 result for a twolayer, fluid-fluid waveguide.
The properties of the normal modes in the three-layer waveguide have been discussed elsewhere 1 but the contribution of the branch line integrals to the field in the water column has received less attention. The three branch cuts are associated with the radicals g j , j ¼ 1, 2, 3, as defined in Eq. (7), which have branch points at p ¼ 6k j . Since the imaginary parts of the wavenumbers k j are negative, the branch points and associated cut lines fall in the second and fourth quadrants of the complex p-plane, but only those in the fourth quadrant are relevant to the evaluation of the integral in Eq. (15) .
The contour integral around the branch cut associated with g 2 is readily shown to have a value of zero but the other two contour integrals, taken around the g 1 and g 3 branch cuts, are non-zero, representing, respectively, surface and bottom boundary waves. Both are head waves in the water column, although the former is evanescent whereas the latter is a propagating wave, albeit with strong geometrical spreading. It is this propagating head wave, associated with the bottom boundary, which is of interest in the following discussion.
III. THE BRANCH LINE INTEGRAL FOR THE HEAD WAVE
The first step in developing an expression for the bottomboundary head wave is to construct a branch cut in the fourth quadrant of the complex p-plane associated with the radical g 3 . In order to satisfy the requirement in Eq. (7) that the imaginary part of g 3 be less than zero over the whole of the top Riemann sheet, the branch cut is taken as the locus of g 3 under the condition that Imðg 3 Þ ¼ 0. This cut line, having the form of a hyperbola, as shown in Fig. 3 , is known as an EJP cut, so named after Ewing et al. 27 who introduced it in connection with elastic wave propagation in layered media. Like g 3 , the radicals g 1 and g 2 also have branch points in the fourth quadrant, at k 1 and k 2 , respectively, but the associated EJP branch cuts have been excluded from Fig. 3 , since the focus here is on the bottom-boundary head wave.
As there are no singularities in the first quadrant of the p-plane, it follows from Cauchy's theorem and Jordan's lemma that the contribution to the integral over the positive real axis in Eq. (15) from the Hankel function of the first kind in Eq. (16) is equal to the same integral but taken along the positive imaginary axis. From a similar argument, but relating to the fourth quadrant, the contribution to the integral in Eq. (15) from the Hankel function of the second kind contains a contribution taken along negative imaginary axis. It may readily be demonstrated that these two integrals, along the positive and negative imaginary axes, exactly cancel one another. Thus, the only non-zero contributions to the integral in Eq. (15) involve only the Hankel function of the second kind and come exclusively from the fourth quadrant. These contributions are the residues of the integrand at the poles, which give rise to the normal modes, and the branch line integrals around the EJP cuts, representing the surface-and bottom-boundary head waves.
Focusing on the bottom-boundary head wave, the EJP branch line integral in question can be written as
By making a change of integration variable from p to g 3 , the line integral in Eq. (19) can be expressed as where the infinite limits follow from the fact that, around the EJP branch cut, g 3 is by definition real, taking values in the interval (À1, 1). Although the integral in Eq. (21) cannot be expressed explicitly, it can be approximated using a modified version of the method of stationary phase. To begin, the Hankel function in the integrand is replaced by its asymptotic expansion, valid for large argument, taking the form
The function in Eq. (20) is then expressed in terms of exponentials,
At this stage, the bilateral integral in Eq. (21) is converted to the unilateral form
which reduces to
In this expression, the exponentials are rapidly varying functions with slowly varying coefficients, making the integral suitable for evaluation by the method of stationary phase, or at least a modified version of the standard stationary phase technique.
IV. MODIFIED STATIONARY PHASE
The integrals in Eq. (27) are of the form
where the integration variable x is dimensionless and u(x) is a phase function with a stationary point at x ¼ 0. The integral M is to be evaluated in the limit as the coefficient K goes to infinity, under which condition the exponential in the integrand is a rapidly varying function of x. Assuming that the function f(x) exhibits comparatively slow variations, the major contribution to the integral comes from around the stationary point in u(x) at x ¼ 0.
If the standard stationary phase technique were applied to the integral in Eq. (28), the product h(x) ¼ x 2 f ðxÞ would be treated as the slowly varying function, whose value at the stationary point is h(0) ¼ 0, due to the presence of the factor x 2 in h(x). It follows that, since it scales with h(0), the standard stationary phase expression returns a value of zero for the integral M. In general, however, the integral is non-zero, indicating that a modification to the standard stationary phase technique is required in order to accommodate the presence of the factor x 2 in the integrand of Eq. (28). Initially, standard stationary phase procedure is followed, whereby the phase function is expressed as a Taylor expansion to second-order in x about the stationary point at x ¼ 0:
where a prime denotes a derivative with respect to the argument. Since the first derivative at the stationary point is zero, the contribution to the integral M from around the stationary point may be approximated as
00 ð0Þ dx;
where e is a positive constant. Note that the slowly varying function, f(x), evaluated at the stationary point, has been taken outside the integral but now, in contrast with the standard stationary phase analysis, the term x 2 remains as a factor in the integrand. By making the substitution
and allowing the parameter K to become indefinitely large, the integral in Eq. (30) can be written as
where 
With this result in place, the analysis of the head wave may be resumed.
V. THE HEAD WAVE
When the two integrals in Eq. (27) are evaluated using the modified stationary phase expression in Eq. (33) , under the condition r ! 1, the following result for the head wave is obtained:
Since, under the stationary phase condition, the horizontal range, r, is very much greater than both the hydrophone depth, z, and source elevation jz 0 j, the denominators within the parentheses in Eq. (34) approximate to r 3=2 , in which case the expression for the head wave reduces to
Equation (38) has the classic form of a head wave. Since the term in parentheses is independent of r, the pressure field decays as 1=r 2 . Despite this rapid geometrical spreading, the head wave, usually generated by impulsive sources, has found application as the basis of inversion schemes for recovering geophysical parameters in seismology 17 and underwater acoustics. 16 In the following discussion, a simple inversion procedure for recovering the sound speed in shallow-water sediments is introduced, based on a theoretical expression for the horizontal coherence function of the head wave that is excited at the seabed by an airborne, continuous-wave acoustic source. Embedded in the theoretical expression for the coherence function is the head-wave pressure field in Eq. (38). Apart from the geometrical spreading term in Eq. (38), only the factor e Àik 3 r depends on the horizontal range. The fact that the acoustic wavenumber in the sediment, k 3 , also appears in this exponential function is central to the recovery of the sound speed in the sediment, c 3 .
VI. THE HORIZONTAL COHERENCE FUNCTION
where the asterisk denotes a complex conjugate and the overbar represents an ensemble average. On substituting the expression in Eq. (38) for the complex pressure of the headwave into Eq. (39), all the terms cancel apart from the rangedependent exponential functions, with the result for the horizontal coherence function of the head wave taking the remarkably simple form
Incidentally, if attenuation in the sediment were included explicitly in the analysis, Eq. (40) would still hold, but with k 3 interpreted as the real part of the complex wavenumber in the sediment. In other words, the sediment attenuation also cancels out of the horizontal coherence function. According to Eq. (40), the real and imaginary parts of the horizontal coherence function of the head wave are, respectively, cosine and sine functions of frequency. They depend on only two parameters: the horizontal separation of the two receivers and the sound speed in the sediment. Note, in particular, that the expression for the horizontal coherence function in Eq. (40) does not depend on the altitude of the airborne source, the depth of the channel, the depth of the acoustic sensors in the ocean, or the horizontal range between the source and the sensor station. Since the separation of the pair of receivers may be assumed known, a comparison of the zero crossings of the real and imaginary parts of Eq. (40) with those of the experimentally determined horizontal coherence function provides a direct measure of the sound speed in the sediment.
VII. THE ROBINSON R44 HELICOPTER EXPERIMENT

On 14
December 2016, to demonstrate the head-wave inversion technique, an experiment was conducted in shallow water, 16.5 m deep, about 2 km off the coast of Del Mar, southern California, in which a Robinson R44 helicopter hovering at low level acted as an airborne sound source. A Sea-Bird temperature-depth probe was deployed several times during the course of the experiment to determine the sound speed profile in the channel. From an earlier Vibracore survey of the area by Scripps scientists, 22 the seabed at the experiment site is known to consist of a layer, about 10 m thick, of fine-grained to very-fine-grained, olivegreen, homogeneous sand.
Operating from a small support vessel, divers deployed a horizontal line array (HLA) of eleven non-uniformly spaced, calibrated (1:4 Â 10 À8 lPa/V) ITC 6050C hydrophones, spanning a 12 m aperture, at a depth of 16 m (i.e., 0.5 m above the seabed). The HLA, known as the FlyBy array, was stretched between two sand anchors and aligned on a bearing of 340 , roughly parallel to the coastline, with the southern end of the array at 32 53.859 0 N, 117 15.808 0 W. The hydrophones in the FlyBy array, each with an essentially flat frequency response over a bandwidth of 3 Hz to 50 kHz, were sampled simultaneously at a rate of 102.4 kHz. Another ITC 6050C receiver was placed about 1 m above the sea surface to act as a microphone for recording the airborne acoustic signature of the R44 helicopter. This microphone, which was calibrated in air (5:3 Â 10 À8 lPa/V), was sampled at the same rate as, and in synchrony with, the FlyBy hydrophones. A schematic of the experimental arrangement (not to scale), with the R44 helicopter in a hover, end-fire to the FlyBy array, is shown in Fig. 4 , along with the sound speed profile in the channel, which was computed using the Chen and Millero 29 algorithm with the SeaBird temperature-depth data and an assumed salinity of 34&.
The Robinson R44 is a four-seat helicopter with two main rotor blades driven by an air-cooled, normally aspirated, horizontally opposed six-cylinder reciprocating engine with a maximum continuous power rating of 205 bhp at 2,718 rpm. The diameter of the main rotor is 10.06 m and at maximum cruise power, the rotation rate is 408 rpm, corresponding to a tip speed of 214.9 m/s and a lowest-harmonic frequency of 13.6 Hz. The tail rotor, also two-bladed, has a rotation rate six times that of the main rotor, thus producing a set of harmonics with a fundamental frequency of 81.6 Hz. On board the helicopter was an Adafruit altitude-encoding GPS, giving height above the geoid, and, as back up, a Garmin 396 GPS with barometric altitude encoding. On board the dive-boat was another Adafruit altitude-encoding GPS, which provided the elevation of the sea surface relative to the geoid, from which the true altitude of the R44 helicopter above the sea surface was inferred, although, as mentioned earlier, the altitude of the helicopter is not actually needed in the inversion for the sediment sound speed. An internally mounted GoPro video camera monitored the instrument panel throughout the helicopter flight.
The R44 performed a series of low-level maneuvers around the experiment site, including flights at cruise speed (% 90 kn) normal to and along the track of the FlyBy array at an altitude of 10 m or less. With the main rotor at an altitude of 4 m, half a dozen 30-s hovers were performed, end-fire to the FlyBy array, at horizontal ranges between 0 and 300 m from the array center, as shown in the GPS track in Fig. 5 . The purpose of the hovers was to excite the head wave at the seabed, with a view to performing an inversion for the sediment sound speed using the expression for the horizontal coherence in Eq. (40).
An example of the power spectrum of the sound in the atmosphere from the R44 helicopter, as observed on the microphone situated immediately above the sea surface, is shown in Fig. 6 . The first six harmonics from the main rotor are prominent in the spectrum below 100 Hz, with tail-rotor harmonics appearing in the frequency band between 80 and 600 Hz. At higher frequencies, gearboxes produce spectral lines, but these are masked in Fig. 6 by broadband sound generated by rotor-blade interactions with turbulent eddies. Such eddies may occur naturally in the atmosphere or be shed by preceding rotor blades. Beyond 2.5 kHz, the spectral level in Fig. 6 decays rapidly, which places an upper frequency limit on the useful bandwidth available for underwater acoustics experiments. All the features of the airborne sound spectrum in Fig. 6 are consistent with previous reports of the external noise spectra of light helicopters. 8, 31 An underwater sound spectrum from the R44 helicopter, as detected on one of the hydrophones in the FlyBy array, is shown in Fig. 7 . Although the tail rotor harmonics and broadband noise are present in the spectrum, the first three main rotor harmonics are absent because they fall below the 43 Hz modal cut-off frequency of the channel. With regard to the underwater sound level from the R44 helicopter, it is notable quieter than the underwater noise from heavy precipitation, the latter as reported by Wenz. 32 Similarly low spectral levels of underwater sound from a helicopter, a Bell 212, have been reported by Richardson et al. 8 
VIII. SEDIMENT SOUND SPEED FROM THE HEAD-WAVE
A horizontal range window exists within which the head wave is discernible at the sensor station. If the source (the R44 helicopter in the present case) is too far away from the receiver, the head-wave pressure field, because of its rapid 1=r 2 geometrical spreading [Eq. (38)], will be too weak to detect against the normal-mode background field. On the other hand, if the source is too close to the receiver, the range will not be sufficient for the head wave to become established at the sensor station. The minimum horizontal range, r min , necessary for the head wave to exist at the receiver is illustrated by the simple ray geometry in Fig. 8 . Under the experimental conditions described above, with the main rotor of the R44 helicopter at an altitude of 4 m, the minimum source-to-receiver range needed for head-wave excitation is r min % 33 m.
The underwater acoustic signature of the R44 helicopter, whilst hovering in the end-fire position at various horizontal ranges, was recorded on the hydrophones of the FlyBy array. From these pressure time series, the horizontal coherence function was formed between pairs of sensors in the array. An example of the real and imaginary parts of the measured coherence function, for a horizontal range of approximately 40 m from the R44 to the mid point of a pair of FlyBy sensors, 2.97 m apart, is shown in Fig. 9 . (A greater sensor separation would have been preferable but this was not possible due to a poor signal-to-noise ratio on several of the FlyBy hydrophones.) In this position, the helicopter was within the head-wave range window. Both the real and imaginary parts of the coherence function exhibit well-defined sinusoidal oscillations over the frequency band of the helicopter sound, which, as shown by the power spectrum in Fig. 6 , extends to about 2.5 kHz. These sinusoidal oscillations, with the real and imaginary parts accurately in quadrature, are consistent with the theoretical expression for the coherence function of the head wave in Eq. (40). Beyond the 2.5 kHz bandwidth of the helicopter sound, ambient noise becomes predominant and the sinusoidal character of the coherence function is eroded accordingly.
In Fig. 9 , the solid smooth curves represent the theoretical expression for the horizontal coherence function of the head wave in Eq. (40), evaluated with R ¼ jr 1 À r 2 j ¼ 2.97 m and the sound speed in the sediment set to c 3 ¼ 1682.42 m/s. This estimated value for the sediment sound speed is consistent with the known sediment type 10, 22 at the experiment site, a fine to very-fine sand. It corresponds to a sound speed ratio of 1.12 when the bottom-water sound speed is 1502 m/ s, as was the case in the experiment (see Fig. 4) .
To obtain the above value of c 3 from the data, the zeros in the real and imaginary parts of the coherence function data were matched to those in the theoretical expression in Eq. (40). The nth zero, f(n), occurs when the argument of the cosine and sine functions in Eq. (40) is equal to np/2, with odd and even values of n, respectively, corresponding to the zeros in the real and imaginary parts of the coherence function. Thus, the value of c 3 estimated from the nth zero is
A simple technique was used to recover the zeros, f(n), from the data, which relies on finding the minima in the magnitude of the real and imaginary parts of the experimentally determined coherence function. These minima, which are readily obtained from an m-file in MATLAB, correspond precisely to the required zeros in the real and imaginary coherence data. Table I lists the zeros in the coherence function data, as returned by this procedure, along with the corresponding values of the sediment sound speed calculated from Eq. (41). Only zeros 6 to 14 were used in the computation, since they fall within the frequency band where the helicopter-generated head wave is the dominant component of the coherence function data. The estimated value of the sediment sound speed, used in computing the solid smooth curve in Fig. 9 , is the mean of the values in Table I , with the error in the estimate given by the standard deviation: c 3 ¼ 1682.42 6 16.20 m/s. As can be seen in Fig. 9 , over the bandwidth of the R44 helicopter acoustic signature, the theoretical curves for the real and imaginary parts of the head-wave coherence are very well matched to the R44 coherence data. From this agreement between theory and experiment, it may be inferred, not only that the sound from a light helicopter can excite the head wave in a shallow-water channel, but also that the helicoptergenerated head wave can be used as the basis of an inversion technique for recovering the sound speed in the sediment.
If this conclusion is to hold up, then, in the absence of the head wave, the theoretical head-wave coherence curves in Fig. 9 should not match the data. To check that this is so, the horizontal coherence with the helicopter outside the head-wave range window must be examined. Figures 10 and  11 show the horizontal coherence data with the R44 at a "long" range of 80 m and a "short" range of 10 m, respectively, with all else the same as in Fig. 9 , including the theoretical curves. At both ranges, the head wave is negligible or absent, and it is evident that the theoretical head-wave curves do not in fact align with the data. To be specific, the zero crossings of the non-head-wave data and the head-wave theoretical curves in Figs. 10 and 11 are heavily mismatched, in stark contrast to the agreement between the head-wave theory and head-wave data seen in Fig. 9 .
At the longer range of 80 m, the head wave, due to its high geometrical spreading, is negligible and the normal modes dominate the underwater sound field generated by the helicopter. Even so, the modal field is quite weak, as can be seen in Fig. 10 , where the coherence is much noisier than in the head wave case in Fig. 9 . There are vestiges of sinusoidal behavior in Fig. 10 but the zero crossings are not uniformly distributed, unlike their counterparts in Fig. 9 that are associated with the head wave. The irregularity of the zero crossings in Fig. 10 arises mainly from inter-modal interference, which also makes the coherence function in this "long range" regime very sensitive to small, incremental changes in the helicopter range.
At the shorter range of 10 m, the head wave is not established at the sensor station. Nevertheless, as illustrated in Fig. 11 , the experimental coherence curves retain their sinusoidal character, exhibiting zero crossings that are uniformly spaced but with higher values than their head-wave counterparts in Fig. 9 . Such behavior, with the helicopter almost overhead, is consistent with an underwater sound field that is dominated by the direct (i.e., surface-refracted) and bottomreflected arrivals, whose grazing angle is steeper than the critical grazing angle of the head wave. A steeper grazing angle translates into a higher phase speed, and a higher phase speed gives rise to higher zero crossings in the coherence function, exactly as exhibited by the data in Fig. 11 .
Based on the horizontal coherence curves in Figs. 9, 10, and 11, it is reasonable to conclude that the head wave generated by the R44 helicopter is detectable within a sourcerange window bounded by simple ray geometry at the low end and a rapid, 1=r 2 , geometrical decay at the high end. As demonstrated above, with the source in the head-wave range window, an inversion can indeed be performed to recover the sound speed in the sediment.
IX. NUMERICAL SIMULATION OF THE R44-GENERATED SOUND FIELD
The expression in Eq. (40) for the horizontal coherence of the head wave is an approximation that is valid only when the source is within the head-wave range window. For a more general representation of the horizontal coherence that holds for all ranges of the source helicopter, from overhead, throughout the head-wave range window and beyond into the normal mode region, it is convenient to turn to numerical modeling. The aim of the exercise is to consolidate the conclusions reached above concerning the extraction of the sediment sound speed from the head wave. Fig. 9 , including the solid, smooth theoretical curves representing the head wave. At this (relatively short) range, less than r min , the head wave is not established at the receivers. The underwater sound field is dominated by the direct (i.e., surface-refracted) and bottom-reflected arrivals, which, being steeper than the critical grazing angle of the head wave, give rise to zero crossings in the coherence data that are higher than those in the curves from the head wave theory. Fig. 9 , including the solid, smooth theoretical curves representing the head wave. At this (relatively long) range, the head wave, although established at the sensors, is too weak to be detected. The measured coherence function is dominated by normal modes, which exhibit intermodal interference, manifested as non-uniformly distributed zero crossings in the noisy coherence data.
field in a horizontally stratified, multi-layer waveguide. Although the normal modes, the head wave and the various ray arrivals at short ranges are not separated out in the FFP formulation, they are all accounted for in the wavenumber integral. Using Scooter, the acoustic pressure field in the three-layer waveguide illustrated in Fig. 2 was computed for all points in the water column. The coherence function, as defined in Eq. (39), was then constructed from the computed pressure at two horizontally aligned points, 2.97 m apart and 0.5 m above the seabed, corresponding to the experimental configuration considered earlier. The main rotor of the helicopter was represented as a compact source at a height of 4 m above the sea surface and the sound speed in the water column was set at 1502 m/s, consistent with the bottomwater sound speed measured in the experiment. The sound speed in the sediment was taken to be c 3 ¼ 1682.42 m/s, that is to say, the value estimated from the zero crossings of the head-wave coherence curves in Fig. 9 .
For three source-to-receiver ranges, Fig. 12 shows the frequency dependence of the horizontal coherence data and, for comparison, the corresponding computations from the Scooter simulation. Also included in the figure, for reference, is the analytical head-wave expression in Eq. (40). At all the source ranges shown in the figure, and indeed at all ranges between 10 and 80 m, the computed coherence from Scooter is very well matched to the experimental coherence data, particularly the zero crossings, over the frequency bandwidth of the source.
For the helicopter range (35 m) within the head-wave range window [ Fig. 12(b) ], all three curves, the data, the Scooter simulation and the analytical head-wave expression in Eq. (40), essentially overlay one another, with all the zero-crossings within the bandwidth of the helicopter source showing good agreement. At the shortest source range (21 m), shown in Fig. 12(a) , the head-wave expression in Eq. (40) does not match the data or Scooter, though the latter two match each other. Equation (40) underestimates the zero crossings, consistent with air-to-water refracted-ray arrivals, steeper than the critical grazing angle of the bottom, dominating the acoustic field in this regime. At the longest source range (62 m), shown in Fig. 12(c) , Eq. (40) again does not align with the data or with Scooter, which match each other, but instead overestimates the zero crossings. This is consistent with normal mode domination of the field, since the modal equivalent rays are shallower than the critical grazing angle of the seabed.
To summarize, the theoretical expression for the headwave coherence function in Eq. (40), evaluated with the estimated value of the sound speed in the sediment, c 3 ¼ 1682.42 m/s, closely matches both the helicoptergenerated data and the numerical results from Scooter, as shown in Fig. 12(b) , when the R44 is within the head-wave range window. When the R44 is too close to or too far from the sensor station, the coherence data and Scooter match each other, but diverge from the characteristic form for the head wave in Eq. (40), as illustrated in Figs. 12(a) and 12(c) , respectively. These observations are supportive of the conclusion reached earlier that the sediment sound speed can be recovered from a simple two-point measurement of the horizontal coherence function, provided the helicopter is within the head-wave range window.
X. CONCLUDING REMARKS
The power spectral density of the sound produced by a Robinson R44 helicopter in a hover spans a bandwidth of approximately 2.5 kHz. When the helicopter operates at low level over the sea surface, some of this sound penetrates into the ocean and is incident upon the seabed, where it excites the head wave, which can be detected on a hydrophone provided the source is not too close to or too far from the receiver. From a two-point measurement on a pair of horizontally aligned hydrophones, the horizontal coherence function of the head wave can be formed, provided the source is within a source range window where the head wave is detectable.
A theoretical argument leads to an analytical expression, which indicates that the real and imaginary parts of the horizontal coherence function of the head wave, with the airborne source in the end-fire position, are sinusoidal functions of frequency in quadrature with each other. Apart from frequency, these sinusoids depend only on the horizontal separation of the two sensors, which may be assumed known, and the sound speed in the sediment. It follows that a simple inversion procedure, based on matching the zeros in the analytical expression for the horizontal coherence function and the corresponding zeros in the coherence data, has potential for recovering the sediment sound speed.
To test this proposition, an experiment was performed in shallow water off the coast of southern California in which a horizontal line array of hydrophones, the FlyBy array, mounted 0.5 m above a fine-to very-fine sand seabed recorded the sound produced by a hovering Robinson R44 helicopter in an end-fire position relative to the array. A comparison of the zeros in the head-wave coherence data and the corresponding zeros in the analytical expression for the head-wave coherence returns a sediment sound speed of 1682.42 6 16.20 m/s, which is compatible with the known properties of the sediment at the experiment site.
The analytical model for the horizontal coherence of the head-wave holds only for source ranges within the headwave range window. It is within this range window that the inversion for the sediment sound speed must be performed. As a check on the theoretical model, a numerical underwateracoustic propagation code, Scooter, was used to compute the horizontal coherence at all source ranges, from overhead to well beyond the head-wave range window. The Scooter simulation shows very good agreement with the experimental horizontal coherence data at all the source ranges examined, both inside and outside the head-wave range window; and inside the head-wave range window, Scooter and the analytical model match very well.
In interpreting the helicopter-generated horizontal coherence function, it has been assumed that the sound speed profile in the sediment is essentially uniform. If, however, the sediment profile exhibited a positive gradient, upward refraction could occur giving rise to diving waves, 20 which could re-enter the water column and possibly be mistaken for the head wave. The re-entry angle of the diving waves would be range-dependent, which would be evident in the horizontal coherence function in the form of zero crossings that varied with source range. Throughout the head-wave range window, however, no such range dependence in the zero crossings is observed in the helicopter horizontal coherence data. Moreover, as illustrated in Fig. 12(b) for the source within the head-wave range window, the horizontal coherence functions from the helicopter data and the Scooter simulation are in very good agreement. Indeed, this alignment between the data and the Scooter simulation is present at all source ranges, and in particular at the beginning of the head-wave range window, where the head wave switches on within a very short range increment of about 1 m. Such behavior, which is characteristic of the head wave, is inconsistent with diving waves, essentially eliminating the possibility that the latter are significant in the helicoptergenerated horizontal coherence data.
With the source at long ranges, well beyond the headwave range window, it is possible that a surface-reflected head wave could be present in the horizontal coherence data. This would occur at a source range of about 70 m, but essentially no evidence of such a head wave can be seen either in the experimental data or in the Scooter simulation. Presumably the surface-reflected head wave is present but completely dominated by the normal mode component of the wave field.
To conclude, it has been demonstrated that a light helicopter such as a Robinson R44 has application as a lowfrequency sound source for underwater acoustics experiments. At the shallow-water site where the experiments were performed, the underwater sound from the helicopter includes a head wave, which contains information about the sound speed in the sediment comprising the seabed. A simple inversion procedure, applied to the zeros in the horizontal coherence function of the helicopter-generated head wave, has been introduced, which returns an estimated sediment sound speed of 1682.42 6 16.2 m/s. This value is consistent with sediment type at the experiment site, which is known to be a fine to very-fine sand.
